SEQUENCE ENTROPY AND RIGID ¢—ALGEBRAS
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ABSTRACT. In this paper we study relationships between sequence entropy and
the Kronecker and rigid algebras. Let (Y,),v,T) be a factor of the measure-
theoretical dynamical system (X, X, u, T) and S be a sequence of positive integers
with positive upper density. We prove there exists a subsequence A C S such
that h;‘(T,gDi) = H,(¢{IK(X|Y)) for all finite partitions £, where K(X|Y) is the
Kronecker algebra over )). A similar result holds for the rigid algebras over ). As
an application, we characterize compact, rigid and mixing extensions via relative
sequence entropy.

1. INTRODUCTION

Sequence entropy for a measure was introduced as an isomorphism invariant by
Kushnirenko [Ku|, who used it to distinguish between transformations with the
same entropy. It is also a spectral invariant. He proved that an invertible measure
preserving transformation has discrete spectrum if and only if the sequence entropy
of the system is zero for any sequence [Ku]. Later, sequence entropy was mainly used
to characterize different kinds of mixing properties in [S, Hul, Hu2, Z1, Z2, HSY].
Also, in the articles [BD, KY] the relation between large sets of integers and mixing
properties was considered.

The purpose of this paper is to study the relationship between sequence entropy and
some important o-algebras associated to a measure-theoretical dynamical system.
More precisely, the Kronecker and the rigid algebras, and its relative versions.

Let (X, X, u,T) be a measure-theoretical dynamical system. It is not difficult to
prove by using standard properties of the entropy and the Pinsker o-algebra that
given a finite measurable partition &

lim (T, €) = H,(§TL(X)),

where TI(X) is the Pinsker o-algebra of the system (see [P] for general properties
and [B-R] for an explicit proof). One can restate this result using the language of
sequence entropy as follows

sup  hyy (T,€) = H,(E[I1(X)).

A=nZ4 neN
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2 Sequence entropy and rigid oc—algebras

What happens if one takes the supremum over another increasing sequence of posi-
tive integers A 7 It was shown in [HMY] that

(1.1) max b/ (T.€) = H, (§K(X)),

where IC(X) is the Kronecker algebra of the system and ¢ is any finite measurable
partition.

In this paper we address the previous question for conditinal sequence entropy with
respect to a factor. Let (Y, Y, v, T) be a factor of (X, X, u,T).

First we show in section 3 (Theorem 3.4) that for any given increasing sequence of
positive integers S with positive upper density

max (T, €1) = (€KX IY)

for any finite measurable partition £, where K(X|Y) is the Kronecker algebra relative
to Y. As a corollary (Corollary 3.5) we sligthly extend (1.1) by proving that

max 1 (T, €) = Hy(€[K(X).

Then in section 4 we consider rigid algebras associated to the system relative to the
factor. We prove (Theorem 4.11) that for any IP set F” there exists an IP-subset F
of I’ such that

(12)  max {h;‘(T,gDJ) LACFis .?’:—monotone} = H,(¢|Kp(X|Y)),

for all finite measurable partitions £, where Cr(X|Y') is the rigid algebra relative to
Y along F' (refer to Section 4 for related concepts). The analogous result of (1.1)
for rigid algebras is given in Corollary 4.13.

Two applications of previous results are presented.

A first one is the characterization of compact and weakly mixing extensions and
rigid and mild mixing extensions via conditional sequence entropy, providing new
proofs and slightly more general statements to results in [Hul, Hu2] and [Z1, Z2]
respectively.

Another application is given in section 5. We show that max,{h/ (T|V)} € {logk :
k € N} U {oco}.

In Section 2 we give some basic concepts and results in ergodic theory and entropy
theory.

2. PRELIMINARIES

In this article, integers, nonnegative integers, natural numbers and complex numbers
are denoted by Z, Z,, N and C respectively.

2.1. Basic concepts. Let (X, X, ) be a standard Borel space with p a regular
probability measure on X and let T': X — X be an invertible measure-preserving
transformation. The quadruple (X, X, u, T) is called measure-theoretical dynamical
system, or just system, if Ty = p, that is, u(B) = u(T'B) for all B € X. For
simplicity, in the sequel all transformations of a system are called T.
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A system (X, X, u, T) is ergodic if any measurable set A € X for which u(AAT1A)
0 has u(A) =0or u(A) = 1. A system (X, X, u, T') is weakly mizing if (X x X, X
X, @ p, T xT) is ergodic; and it is strongly mizing if lim, .. u(T-"A N B)

w(A)u(B) for any A, B € X.

A system (Y, Y,v,T) is a factor of (X, X, u,T) if there exists a measurable map
m: X — Y such that 7y = v and moT = T o xw. Equivalently one says that
(X, X, pu,T) is an extension of (Y, Y, v, T).

Let (Y,),v,T) be a factor of (X, X, u,T). One can identify L*(Y,),v) with the
subspace L*(X, 7 1Y), u) of L?(X, X, u) via f — fom. By using this identification
it is possible to define the projection of L*(X, X, u) into L*(Y,V,v): f — E(f|Y).
The conditional expectation E(f|)) is characterized as the unique Y-measurable
function in L*(Y,Y,v) such that

2.1 E dv = orfd
(21) | aBswiar = [ gormsiy
for all g € L*(Y, Y, v).

The disintegration of p over v is given by a measurable map y — p, from Y to the
space of probability measures on X such that

(2.2) E(f[3)(y) = /X fdu,

v-almost everywhere.
The self-joining of (X, X, u,T) relatively independent over the factor (Y,Y,v,T) is
the system (X X X, X @ X', u Xy p, T x T'), where the measure p Xy p is defined by

&

(23 ey 1)(B) = [y % (Bl VB € X o .

This measure is characterized by

(2.4 | hehdusy = [ BEDEGRD)D
XxX Y

for all f17 f2 c LQ(X, X, /1,), where f1 (029 fg(ﬂfl, LCQ) = fl(ﬂfl)f2<$2>.
For details about the concepts in this subsection see [F1, GI.

2.2. Kronecker systems and rigid systems. Let (X, X, u,T) be a system. An
eigenfunction of T is a non-zero complex valued function f € L*(X, X, i) such that
Tf = \f for some A € C, where T'f = f oT. The complex number ) is called
eigenvalue of T associated to f. If f € L*(X,X,p) is an eigenfunction of T, then
c{T"f :n € Z} is a compact subset of L*(X, X, u). In general, one says that f is
compact if I{T"f : n € Z} is compact in L*(X, X, u). Let H.(T) be the set of all
compact functions in L2(X, X, u). It is well known that H.(T) is the closure of the
set spanned by all the eigenfunctions of 7.

The following proposition is a classical result (see for example [Zi]).

Proposition 2.1. Let (X, X, u,T) be a system and H be an algebra of bounded
functions in L*(X, X, p) which is invariant under complex conjugation. Then there
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exists a sub-o-algebra A of X such that cl(H) = L*(X, A, ). Moreover, if H is
T-invariant, then A is T-invariant.

One easily deduces from Proposition 2.1 that there exists a T-invariant sub-o-algebra
K(X) of X such that H.(T) = L*(X,K(X), u). K(X) is called the Kronecker algebra
of (X, X,u,T). The system (X, X, u,T) is said to be compact or to have discrete
spectrum if H.(T) = L*(X, X, u) or equivalently K(X) = X.

A function f € L*(X, X, u) is rigid if there exists an increasing sequence {t, }nen C
Z., with lim, ., T f = f in L*(X, X, u). For a fixed sequence F' = {t,}nen C Zy,
Hp(T) denotes the set of all functions f € L*(X,X,u) with lim, ., T"f = f
in L?(X, X, ). It is easy to see that the set of all bounded functions in Hp(T)
forms a T-invariant and invariant under complex conjugation algebra of L?(X, X, ).
Thus from Proposition 2.1 one deduces that there exists a T-invariant sub-o-algebra
Kr(X) of X such that Hp(T) = L*(X,Kp(X),n). A system (X, X, u,T) is called
rigid if there is F' = {t, }nen C Zy such that Hp(T) = L*(X, X, u).

2.3. Mixing properties and filters. A system (X, X, pu,T) is mild mizing if it
does not have non-constant rigid functions. In the strongly mixing case Cp(X) is
trivial for any sequence F', thus strong mixing implies mild mixing. Also, since every
eigenfunction is rigid, mild mixing implies weak mixing. It can be proved that mild
mixing is strictly between weak mixing and strong mixing [FW]. For more details
on mixing properties see [F1, F2, W2].

A hereditary upward collection of subsets G of Z, is said to be a family. That is,
subsets of Z, containing elements of G are in G too. If a family G is closed under
finite intersections and satisfies () € G, then it is called a filter. The dual of a family
GisG*={FCZ.JFNF #0 forall F' € F}.

Now some important families are introduced. Let A be a subset of either Z, or Z.
The upper Banach density of A is

ANl
d*(A) = lim sup | | )
where [ ranges over all intervals of Z, or Z and | - | denotes the cardinality of the
set. The upper density of a subset A of Z, is

d(A) = limsup A0H0,. N = 1}|

N—oo N
- AN{=N,...,N
(If A is subset of Z, then d(A) = limsup ANE=N,- }|) The lower Banach
N—oo 2N +1

density d,(A) and the lower density d(A) are defined analogously, with liminf. If
d(A) = d(A), then one says A has density d(A). Let D = {A C Z, : d(A) = 1}
and BD = {A : d.(A) = 1}. It is easy to see that D and BD are filters with duals
D* ={ACZ,|d(A) > 0} and BD* = {A : d*(A) > 0} respectively.

Let {b;}icr be a finite or infinite sequence in N. Define

FS({b:}ier) = { Z b; : v is a finite non-empty subset of I}.

i€



A. Coronel, A. Maass and S. Shao 5

F is an IP set if there exists a sequence of natural numbers {b;};cy such that F =
FS({b; }ien). Denote the set of all IP sets by ZP.

Let {z,}ncz, be a sequence in a metric space (X,d), x € X and G be a family.
One says that x,, G-converges to x, which is denoted by G — limz,, = x, if for any
neighborhood U of z, {n € Z; : z, € U} € G. The following is a well known result
concerning mixing in ergodic theory (see [F1, F2]).

Theorem 2.2. Let (X, X, 1, T) be a system. Then,
(1) T is weak mizing if and only if D — lim u(T""AN B) = p(A)u(B) for any
ABeX;
(2) T is mild mizing if and only if ZP* — lim u(T~"AN B) = p(A)u(B) for any
A BeX.
For more discussion about various kinds of mixing and families, refer to [BD, KY].

2.4. Sequence entropy and conditional sequence entropy. Let (X, X, pu,T)
be a system and S = {t; };en be an increasing sequence of non-negative integers. Let
¢ be a measurable partition and A a sub-o-algebra of X'. The (Shannon) entropy of
¢ and the (Shannon) entropy of 5 given A are given respectively by

==Y p(A)log u(A
Aeg
and
64 =Y [ ~B(LiA) log B(14| A
Ace
One also uses the notation u(AlA) = E(14]A).
Let &, n be measurable partitions with H,(¢|A) < oo, H,(n]|A) < oo and identify

(when necessary) n with the o-algebra it induces. It is known that H,(£|.A) increases
with respect to £ and decreases with respect to A and

H,(EVnlA) = H,(&nV A) + Hy(n]A).

Definition 2.3. The conditional sequence entropy along S of & given A in the system
(X, X,u,T) is defined by

1 0
hS(T €| A) = lim sup -~ —H,( \/T LeElA) (— lim 1sup Z H, (T7%¢| \/ T_tif\/.A)> :
el i=1
The conditional sequence entropy along S given A in the system (X, X, u,T) is
WETIA) = sup { (T €14) : HuflA) < oo},

When S =Z, and A is trivial one recovers the entropy of T" with respect to pu.

Let (Y,Y,v,T) be a factor of (X, X, u,T) and {u,},ey be the disintegration of u
over v. Then, the conditional (Shannon entropy of £ given ) can be represented as

(2.5) H, (€)= / H, (
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where H,(-) denotes the entropy with respect to y, and ) is seen as a sub-o-algebra
of X. The following two lemmas come from [Hu2].

Lemma 2.4. Let { andn be measurable partitions of X with H,(§]Y) < oo, H,(n|Y) <
co. Then

BT EY) = (T < [ () + i)
for any increasing sequence S C 7, .

Lemma 2.5. There exists a countable set {&,}nen of finite measurable partitions of
X such that

e { [ (a(elen) + (600 v =0
for all measurable partitions & with H,(§|Y) < oo.

Hence one has

WS (T|Y) = sup {h;j(T,gyy) L€ s ﬁnite}.

Thus A5 (T]Y) = 0 if and only if A5 (T, £]Y) = 0 for all two-set measurable partitions
&, since every finite partition is a refinement of two-set partitions.
For more information about entropy theory refer to [G, P, W1].

3. SEQUENCE ENTROPY RELATIVE TO THE COMPACT EXTENSION
Throughout this section we fix a system (X, X, u,T) and a factor (Y, Y, v,T).

3.1. Almost periodic functions. The L?(X, X, ;) norm is denoted by || - || and
the L*(X, X, u,) norm by || - ||, for v-almost every y € Y. The corresponding inner
products are denoted by (-,-) and (-,-),. Recall {,},ey is the disintegration of x
over v.

Definition 3.1. A function f € L*(X, X, ) is almost periodic over Y if for every
e > 0 there exist g1,...,q € L*(X, X, u) such that for all n € Z

A
min ||IT7f —gjlly <e

for v almost every y € Y. One writes f € AP(Y).

Remark 3.2.
(1) The almost periodic functions over ) form a subspace of L*(X, X, u). Using
Proposition 2.1 one can verify that there exists a sub-oc—algebra IC(X|Y") of
X such that
AP(Y) = L*(X,K(X[|Y), p).
(2) One calls K(X|Y) the Kronecker algebra over ). Any function f € AP(Y)
is called a compact function over Y.

The following theorem will be used later.
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Theorem 3.3. [Hu2] Let f € L*(X,X,u). Then f € L*(X,K(X|Y),p)* if and
only if

1 n—1 .
-3[BT 1v)| =0
=0

lim
n—oo N,

in LYY, Y,v) for all g € L*(X, X, ).

3.2. Conditional sequence entropy and C(X|Y'). In this section we will prove
the following result.

Theorem 3.4. Let (X, X, u,T) be a system and (Y,Y,v,T) be its factor. Then for
every increasing sequence S € D*

(3.1) max h (T.€1Y) = Hy(§IK(X]Y))
for all measurable partitions & of X with H,(§|Y) < oo.

The following result is now immediate.

Corollary 3.5. [HMY] Let (X, X,u,T) be a system. Then for every increasing
sequence S € D*

(3.2) max B (T, €) = H,(€[K(X))

for all measurable partitions & of X with H,(§) < oo.

Observe that our result is more general than the one in [HMY], where it is only
proved that maxacz, hi(T,€) = H,(§)K(X)).
The proof of Theorem 3.4 follows directly from the following series of lemmas.

Lemma 3.6. For any increasing sequence S € D* there exists a subsequence A C S
such that

(3.3) o (T, €1Y) > H,(EK(X[Y)
for any measurable partition & of X with H,(£|Y) < oo.

Proof. To simplify the notation (X |Y) is denoted by K. First, we prove the fol-
lowing claim.

Claim: Given finite measurable partitions & and n of X and € > 0, there exist a
sequence D € D and M € N such that for any m > M in D one has,

(3.4) [ HT ey = 1, (€150 -

Proof of the claim. Let £ = {Ay,..., Ay} and n = {DBy,...,B;}. Forany A,B € X,
since 14 — E(14|K) € L*(X, K, u)*, by Theorem 3.3 one has that

1 « .
lim — > ‘/ TZ<1A—IE(1A|IC)>1Bduy —0
n—oo 1, 4 X
=0
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in LY(Y,Y,v). Equivalently, 3D’ = D'(A, B) € D such that
Délir—l»oo/ ‘/ Tn<1A—E(1A‘K:))1Bd/Jy
v Jx

Since D is a filter, there exists D € D such that for any 1 < <k, 1 < j <

dv = 0.

35  im_ [ |n@rans) - / TP (L, )1, djsy |dor = 0.
Sn—0o0 Jy
Let p(z) = —xlogx. Choose 0 < § < £ MH ; such that
el
—v[<d= - < -
ju—v] <8 = o(u) — o()| < S 7.
By (3.5) there exists M > 0 such that for every m > M in D: there is F,, C Y with
v(Ey,) >1-— 3% Such that

X

forall1<i<k,1<j<landye€FE,,.
For any y € E,,

i?j

T-"A; N B;)
11y (B;)
TE(14,|K)1p,du,
1y (B;)

+ (/X T™E(14,|K) 15, duy) log 1

4,J
/ T™E(14,|K) L, dpy log / T™E(Ly,[K)Lp, dpy
+Z\Z(uy 1A )~ [ T dn ) g (B
€ e e 1 Siny(BO\'| e
< mel k)l ’<_ i ‘1 J ):—
S Rt OgH“y 1 T kgl Og( l 2
Hence

Ny(TimAj N Bj)
Ny(Bj>

Jx TTE(14,|K)1p,dp, €
— | TR dp, ) log )78,y €
G N R

.3

Hy<T_mf|77) = Z _,uy(T_mAi N BJ> lOg

,J

v

Let

[ T"E(14, 1K) 15, dp,

ai; = — | T™E(14|K)15,du, | lo
J (/)'{ ( A| ) B] My) g /iy(By)
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py(- N By) . .
Then as; = o (B, T E (LK), where sy = “E02 Since 3
Y J
concave, one deduces
0 = (By) [ T log TE(Ly K)dy

B;

= [ ~TTELA ) g T B (L ) d,
B;
Thus
€

—m € m m
Hy(T™"¢n) = Zaij D) = Z/X_T E(14,|K) log T™E(14,|K)dpy — 9
i i
Integrating with respect to v one obtains

[ = [ e
Y Em

€

> / / ~T"E(14/KC) log T"E(La, [K)dpydv — &
, X
7 E,,

v

= 3 [ [ ~TTE ) og TE (LK) duy
- X
'y

3 [ [ TR o TR K
, X

" Y\Em

> 3 / _TMR(1,,|K) log T™E(1,
i x

€

€
logk — =
2log k ©8

2

K)du —

= H,EIK)—¢€.
In the last inequality we use [, > —T"E(14,|K)log T™E(14,|K)dp, = H,(T™¢|K)
< log k. This completes the prO(Z)f of the claim.

Let {&}ren be as in Lemma 2.5. For any increasing sequence S € D*, since D is a
filter, one can choose A = {t; <ty < ...} C .S such that

n—1
1
/ H, (T \/ T7%¢)dv > H,(&|K) — o0 foranyn >2and 1 <j <n.
Y i=1
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Fix k£ € N. One has

hﬁ(T,§k|y) = hmsule \/T g V) = limsup — /H \/T g )dy

n—o0 n—oo

= limsup — /[ \/T &) + ZH (T~ §k|\/T %k}

n
n—oo imkt1

> hmsup— [/H \/T p)dv + (n — k) H,,(&|K) — Z %]

n
n— oo i—kt1

= Hu(kaC)
Therefore hi{(T,&|Y) > H,(&|K) for any k € N. Now let £ be any partition with
(SDJ) < 00. Given ¢ > 0, by Lemma 2.5 one can choose £ such that fY o (€|&k) +
Hy(&k|€)dv < 6. Then, |hA(T EV)—hH(T, &|Y)| < 0 and |H,(€]Y) — (fk!y)\ <.

So
WA, 1Y) > hA(T,6|Y) — 6 > H,(€]Y) — 26.

Since 0 is arbitrary, the proof is complete. O

Lemma 3.7. Let B € X. Then B € K(X|Y) if and only if h\(T,{B, B}|Y) = 0
for any increasing sequence A C Z. .

Proof. For necessity we refer to [Hu2, Theorem 1]. To prove sufficiency we will use
Lemma 3.6. If B ¢ K(X|Y) then H,({B, B°}|/K(X]|Y)) > 0. Thus, by Lemma 3.6,
there exists A C Z, such that

hy (T AB, B}Y) > H,({B, B}|K(X[Y)) > 0
This completes the proof of the lemma. O
Lemma 3.8. For any measurable partition & of X with H,(£]Y) < oo and any

increasing sequence A C Z,
(3.6) I (T,€Y) < Hu(EIC(XY)).

Proof. Let {&k}ren be a countable set of finite (X |Y)-measurable partitions such
that & /" K(X|Y). Let A = {t; <ty < ...}. Since & is £(X|Y)-measurable, by
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Lemma 3.7 one has that by (T, &]Y) = 0. So

1
A .
h,u (T7§|y> = lim sSup —

n—oo n

/YHy(\/ T=1€)dv — by (T, &)
i=1

. 1 o, 1 o,
< hgls;pﬁ/yffy(i\/lir €V &))dy — lim — YHy(i\/lT &) dy
= limsupl/ H (\n/T_ti(f\/fk)) - H (\n/T_tifk) dv
n—oo M)y ’ i=1 ’ i=1
= limsupl/ H (\n/T_tiﬂ\n/T_tifk)dV
n—oo M Jy yi:l i=1
1 n
< 1l — H,(T 4T %¢,)d
< linfolipn/y; y(THE T8 dv
. 1 [
= hinj;}pﬁ/Yiley(ﬂgk)dV
= [ Bt = [ (e v 60 - Hy(6)d
Y Y
= HM(§ v§k|y) - Hu(§k|y) = Hu(ﬂfk \ y) < Hu(§|§k> .
One concludes by martingale’s theorem. 0

3.3. Compact and weakly mixing extensions. Now as a corollary of the last
subsection we recover some results of Hulse in [Hul, Hu2]. First let us recall some
notations.

Definition 3.9.
(1) (X, X, u, T) is called a compact extensionof (Y, Y, v, T)if L*( X, K(X|Y),u) =
L*(X, X, u), that is K(X[|Y) = X;
(2) (X, X, u,T)is called a weakly mizing extensionof (Y, YV, v, T)if C(X|Y) =Y.

Remark 3.10. For a more complete discussion on compact and weakly mixing exten-
sions see [F1, Hu2|. For example, in [Hu2| it is proved that (X, X, u, T) is a weakly
mixing extension of (Y, Y, v, T) if and only if (X x X, X QX , uxy u, T xT) is ergodic
relative to (Y,Y,v,T) if and only if lim,, .o = SV IE(GT 1Y) = 0 in LYY, D, v)
for all f € L*(X,X,u) and g € L*(X, Y, u)* (here we see ) as a sub-o-algebra of
X).

By the results of the last subsection it follows immediately that,

Corollary 3.11. [Hu2]
(1) (X, X, 1, T) is a compact extension of (Y, Y, v,T) if and only ifh;‘(T\y) =0
for any increasing sequence A C Z ;
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(2) (X, X, u,T) is a weakly mizing extension of (Y,Y,v,T) if and only if for any
increasing sequence S € D*, there exists an increasing subsequence A C S
such that

I (T, €1Y) = Hu(€|Y)
for all measurable partitions & of X with H,(§|)) < oc.

Observe that the second statement is a little stronger than the corresponding result
in [Hu2]. The case when ) is trivial can be found in [Hul].

4. SEQUENCE ENTROPY RELATIVE TO THE RIGID EXTENSION

4.1. F-sequence and [P-systems. Let F denote the collection of all non-empty
finite subsets of N. Given o, € F, a < 3 (or > «) if maxa < min 3. The set

f FU({az zEN {Uaz ﬂ € f}
1€
is called an IP-ring, where a; < ap < ... < e, < .... The following theorem will be
useful.

Theorem 4.1. (Hindman’s Theorem) For any finite partition {C,...,C.} of F
one of the C;’s contains an IP-ring.

Let {n;}ien € Z. Denoting n, = >, n; for a € F, then FS({n;}ien) = {na taecr
and the IP set generated by this sequence is FS({n;};en). Observe that we do not
require the elements of {n,;}icy to be distinct. If F*) is an IP-ring of F, then
{na}acro is an IP subset of {n, }aer; and conversely any IP subset of {n, }aer has
this form.

A sequence in any space Y indexed by the set F is called an F- sequence. If Y is a
(multiplicative) semigroup, then an F-sequence {y, }acr on Y defines an IP-system
if for any o = {iy,...,ix} € F with iy < ... < i one has yo, = i, - y;,. An
IP-system should be viewed as a generalized semigroup. Indeed, if « N3 = () and
a < 3 then yaup = YaYyp-

Let £ be an IP-ring. Then the map & : F — FW &(a) = U, @i is bijective
and structure preserving in the sense that £(a U ) = £(a) U &(F). In particular,
any sequence {Ys}ocra can be naturally identified with a particular F-sequence,
namely the F-sequence {Z,}acr Where T4 = Ye(q)-

Definition 4.2. Assume that {z,}.cr is an F-sequence in a topological space X.
Let z € X and FM) be an IP-ring. Write
IP— lim z,==x
acF@)
if for any neighborhood U of z there exists ay € FU) such that for any o € FU)
with o > g one has z, € U.

Theorem 4.3. [FK] Let {U,}acr be an IP-system of unitary operators on a sep-
arable Hilbert space H. Then there is an IP-subsystem {Uy}oerm), with FO) an
IP-ring, such that

IP— lim U, =P

acFD)
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weakly, where P is an orthogonal projection onto a subspace of H.

4.2. Almost periodicity over ) along FU). Let (X, X, u,T) be a system and
{na}tacr be an IP set. Then {T™},cx and {(T x T')"* },c# define IP-systems. One
writes T, = T and (T' x 1), = (T' x T')™.
Now consider a factor (Y, Y, v, T) of (X, X, u,T) and 7 : X — Y the corresponding
factor map. By Theorem 4.3, there exists an IP-ring F() C F such that for all
K€ L(X x X,X ® X, i Xy pu)
(4.1) IP— lim (T'xT),K =PK

acFM)

exists in the weak topology and P is an orthogonal projection.

Definition 4.4. Let {n,}acr be an IP set and F) C F an IP-ring. A function
f € L3(X, X, ) is called almost periodic over Y with respect to {ny yacr along FI
and one writes f € AP(Y, {n.}, FY), if for every € > 0 there exists a set D € )
with v(D) < ¢ and functions gy,...,q € L*(X,X,u), such that for every § > 0
there exists ag € F with the property that whenever a € F) with a > aq there
is a set £, € Y with v(E,) < 0 verifying for all y ¢ D U E,, that

min ||Tof = gjlly <e.

Remark 4.5.

(1) The definition we use comes from [BM], which is different from [FK] and [Z2].
In [FK] a function is called almost periodic over ) with respect to {nq }acr
along FU if for every ¢ > 0 and ay € FU there exist gy,...,q € L*(X, X, 1)
and a set £ C Y with v(F) < ¢, such that for all a € FO with o > « and
y & E one has mini<;<; ||Tof — g;l|y < €. Refer to [BM] for the discussion of
the difference between the two definitions.

(2) AP(Y,{ns},FY) need not to be closed, however, one has the following:
if f € AP(Y,{n.},FM), then for every ¢ > 0 there exist gi,...,q €
L>®(X, X, 1) and ag € FY such that for any a € FO) with o > ag, there is
aset B, € Y with v(E,) < ¢ and min ;< ||Tof — gjll, < e for all y & E,.

(3) APV, {ny}, FMI)N L®(X, X, 1) is a T—invariant o-algebra which contains
|g| and g whenever it contains g. Using Proposition 2.1, there exists a sub-
o-algebra Cp(X|Y), where F' = {n,},cr0), such that (see also [FK, Lemma
7.3])

(4.2) APV, {na}, FOY = LA (X, Kr(X|Y), ).

(4) One calls Kr(X|Y) a rigid algebra over ), and any function
f € APV, {n.},FW) is called a rigid function over ).
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To each K € L*(X x X, X ® X, u Xy p) and v-almost every y € Y associate an
operator (also called K) K : L*(X, X, u,) — L*(X, X, u,), f — K * f where

(4.3) / K(z,2") f(2")dp,(2"), where y = 7(z).

For v-a.e. y € Y, K is a Hilbert-Schmidt operator on L*(X, X, u1,). In particular,

it is a compact operator (i.e. the closure of the image of the unit ball is compact).
See [F1, FK] for details.

For the next four results of the subsection fix (X, X, u,T) a system, (Y,V,v,T)
a factor of it, {na}acr an IP set and F) an IP-ring such that (4.1) holds. Let
F ={na}oero and Kr(X[|Y) be the associated rigid algebra over ).

Lemma 4.6. [f K € L*(X x X, X®X, uXy ) with PK = K and f € L>(X, X, ),
then K x f € AP(Y, {n.}, FY).

Proof. Let e > 0. Since for v-a.e. y € Y the operator K is compact on L*(X, X, u,),
then there exists a number M (y) € N such that {K x (TVf) : =M (y) < 7 < M(y)}
is €/2-dense in {K x (T?f) : j € Z} (in L*(X, X, p,)). Let M be large enough such
that M > M(y) for all y outside of a set D € ) with v(D) < ¢ and let

{g1,...,q} ={K*(TVf): =M < j < M}.
Then for any y € D¢ and any n € Z,
(4.4) inf ||K *(T"f) — g;ll, <e/2.

1<5<1
On the other hand, by (4.1) one has
IP — lim ||To(K % f) — K x (Tof)||?
acF1)

= tim [ | / (K (T, Tut) = K(2.2)) F(Toa oo () dpu(x)

2
P — lim //‘KTme _ K(z, )

acF)
< IP-— hm \|T><T VoK — K|P||f11% =

IN

(Tor") |2d//J7r(x) (") dp(x)

So for any § > 0 there exists oy € F such that for any o € F with o > g there
is a set E, € Y with v(E,) < § and for any y ¢ E,

(4.5) NTa(K ) = K (Taf)lly < €/2.
Hence whenever y ¢ D U E,,, one has
(4.6 int 1T (K x 1) = gl < e

This completes the proof. 0
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Theorem 4.7. Let (X, X, 1, T), (Y, V,v,T), {na}acr and FY as fived above. Then
f e LA(X,Kp(X|Y), )" if and only if

IP— lim / }E(gTaﬂy)‘du —0

acF® Jy
for any g € L*(X, X, ).
Proof. Assume that f € L*(X, Kp(X|Y), ). Then

P~ lim /|E T, f|y)|du>

< IP— lim /‘E oo f V)| d

acF@)

= IP— lim 9gOG- (T X T)o(f ® f)du xy p
acFMV) Jxux

=/ g®§P(f®7)du><yu=/ f® fP(g@q)du xy
XxX XxX

Let K = P(g®g). Then PK = K and

/Xxxpr(g@?)d“ Xy
= /XXXf®7Kdu Xy [
_ / /X TR ! iy ) (o ()
_ /f /Km &) dina) («')dp()
= [ F@K « T@)du(o) = (7. 4 7).

By Lemma 4.6, K * f € AP(Y,{na}, FO). So (f,K * f) = 0. Hence

P — lim /’]E(gTaf]y) dv =
acFD)

Now we show the converse. It suffices to show that if f € L?(X,Kr(X|Y),n) and
IP —lim,cr0) [y [E(97%f|Y)|dv = 0 holds for any g € L*(X, X, ), then f = 0. The
method follows from [BM, Lemma 3.13.] and [FK, Lemma 7.6.].

Let 6 with 0 < d < 1 be small enough such that for any h € L*(X, X, u) verifying
||f — R|> < 26 one has |(f, h)| > || f]|*/2. Let € > 0 with £ < § and [, ||f|[2dv < §
for all E € Y with v(F) < e.

By Remark 4.5 part (2), for f € L*(X,Kr(X|Y),n) = AP(Y,{n.}, FD), there
exist g1,...,q € L®¥(X,X,u) and og € FI such that whenever o € F) with
a > o there is a set E, € Y with v(E,) < ¢ verifying that: for all y ¢ E, there
exists j(«,y) with 1 < j(«a,y) <[ such that

Tof = jtamlly <&
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For every o € FM) with o > ag and i € {1,...,1}, let &(y) = 1if y € E, and
Jjla,y) =i, and let &(y) = 0 otherwise. Write h, = Zizl &q:, that is, h, is equal
t0 gj(a,y) on the fiber over y when y ¢ E,, and equal to zero on fibers over y € E,.
Each h,, is measurable and one has

If =T hall® = |ITaf = hall®

=)

/ HTafo/dqu/ 1Tof = Gitaanlydv
Ea Y\Eaq

< 42 <26
Hence [(Tof, ha)| = [{f, T5 "ha)| = [|f][?/2. Also,

[
of, ha = j a-_jdyd
(T f o) |;/Y5<y>/Xnguv|

l
S ‘/Tafg_d:u

= ;/Y E(Tuf - GlY)|av .

Since IP — lim,c o) [y [E(9Twf|Y)|dv = 0 holds for any g € L*(X, X, i), it follows
that ||f|| = 0 and thus f = 0. The proof of the theorem is complete. O

Proposition 4.8. A function f € L*(X,Kr(X|Y), ) if and only if for any e > 0
and any 1P-ring F® = FU({a,}ien) € FW, there is M € N such that for every
a € F® with a > ayy there exists E, € Y with v(E,) < € verifying for any y € E,,
inf Tof —Tsf|l, <e.
seroid T f = Taflly
Proof. Let f € L*(X,Kr(X|Y),u). By Remark 4.5-(2), for any € > 0 there exist
g1, g € L®(X, X, u) and oy € FOU such that for any a € FO with a > ay,
there is £/, € Y with v(E!) < €/2 verifying

(4.7) inf [[Tof —g;lly <e/2

1<j<i

2
Tof — ha| dpy(z)dv

dv

for any y ¢ E!/,. Without loss of generality, assume a; < ay < .... Let M; € N such
that a, > ap.

Forj € {1,....1} let E; = {y € Y : ||To.f — gjl|, < £/2 for some a € F*}. Then
we can assume that v(E;) = 1 for all 1 < j <, otherwise we may modify g, so that
9j = Tay,, f on 771 (EY) without affecting (4.7).

Forje{l,...,l}let E;,, ={y €Y : |Tsf —g;l|l, < e/2 for some 5 € FU({;};)}.
Then v(J,s; Fjn) = 1 for all 1 < j < [. Thus there is My € N such that
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V(ﬂi-zl E;,) > 1—¢/2 for any n > M,. Let M = max{M;, M}. Then for any
a € F® with a > ayy (that is, @ € FU{a;}isar))

inf T.f — T < inf {||T,f — g:l|l, + inf Tsf — g; <€
BGFU({ai}fﬁl)H f ﬁny_lgjgl{H / gJHy /BEFU({ai}ij\il)H sf g]”y}

for all y not in E, = E/, U (ﬂé.:l E; vr)¢ which has measure less than e.

Now we show the converse. If f ¢ L*(X,Kp(X|Y),u), then f = fi + fo, where
fi € XX, Kp(X|Y),n) and fo € LA(X,Kp(X|Y), u)* with fo non trivial. One
deduces that there is ¢ > 0 such that ||fo]|2 > 3¢ for any y in a set E € Y of
measure greater than 2e.

By Theorem 4.7, IP — lim,c ry [, [E(gT0 f2|Y)|dv = 0 for any g € L*(X, X, ju). Fix
any IP-ring F® = FU({a; }ien) € FOV and M € N. Since

P — lim / ‘E(TﬁszanDJ) dv =0
acF Jy

holds for any 3 € FU({a;}M,), then there is oy € F3, M’ > M, such that for
any a € F® with a > ayyp, there exists A, € Y with v(A,) > 1 — ¢ such that
|(Tofa, T3 f2),| < e for any y € A,. Then

1Tafo = Tafolly = | Tafolly + 1T folly — 2Re(Tufo, Tsfa)y > € > €°

holds for any y € T;'E N A, the measure of which is v(T;'EN A,) > ¢.

820 for any o € F® with a > ayyr, one has V{y2€ Y ;infﬂeFU({ai M ) T f=Tafll <
e’} <v{y €Y infuepyqanm ) [|Tafo — T folly < e*} <1 —e. This contradicts the
assumption of the proposition. O
Definition 4.9. Let {n,}aex be an IP set and F) and IP-ring. Any subset having
the form

(4.8) {ns, tien € {natacro
with ) < 2 < ... s called an F—monotone subset of {ny},crq.

A similar proof of Proposition 4.8 yields to the following corollary.

Corollary 4.10. f € L*(X,Kp(X|Y), 1) if and only if for any any € > 0 and any
F—monotone subset {ng, }ien C {na}acra there exists M € N such that for every
n € N with n > M there is E,, € Y with v(E,) < ¢ verifying for any y ¢ E,,

inf |75,/ — T f

1<i<n—

ly < e.

4.3. Conditional sequence entropy and rigid algebra Kp(X|Y). As in the
previous section in this subsection we study relations between conditional sequence
entropy and the rigid algebra Kp(X|Y). The main result of the subsection is the
following.

Theorem 4.11. Let (X, X, u,T) be a system and (Y,Y,v,T) one of its factors.
For any IP set {ng}Yacr there exists an IP-ring FY) of F such that for any IP-ring
F® C FWY there exists an F-monotone subset A C {ng}ocre@ such that

(4.9) I (T,6Y) = Hy(€|KR(XY)
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for all measurable partitions & of X with H,(§|)) < oo, where F' = {na}ocr.
In particular, for any IP set {n,}acr there exists an IP-ring FO) of F such that

(4.10) max {h;‘(T,gyy) CACF is F—monotone} = H,(¢|Kp(X]Y)),
where F' = {Ng }oecro) -

Remark 4.12. The reason why we need to consider the given IP set on an IP-ring
FO comes from the fact that in our proof we strongly use Theorem 4.3 and its
consequence stated in (4.1). In fact the theorem works for any IP-ring F®) such
that condition (4.1) holds.

By Theorem 4.11 with Y trivial, one obtains the following result immediately.

Corollary 4.13. Let (X, X, u,T) be a system and {ng}acr be an IP set. Then
there exists an IP-ring FY of F such that for any IP-ring F? C FO) there exists
an F-monotone subset A C {ng}oer@ such that

(4.11) hi (T, €) = Hu(€[KCp(X))

for all measurable partitions & of X with H,(§) < oo, where F' = {na}acrm.
In particular, for any IP set {n,}acr there exists an IP-ring FO) of F such that

(4.12) max{h;‘(T, ) ACF is F-monotone} = H,(¢|IKr(X)),
where F' = {ng }ocro -

The proof of Theorem 4.11 will follow directly from the following four lemmas.

Lemma 4.14. Let {ng Yocr be anIP set. Then there exists an IP-ring FV) of F such
that for any IP-ring F® C FW) there exists an F—monotone subset A C {na}ocre
such that

hy (T, €Y) > H,(E)Cr(X[Y))
for all measurable partitions £ of X with H,(§|Y) < 0o, where F' = {ny}acr).

Proof. The proof is similar to the proof of Lemma 3.6. We only point out the
differences.

Let ) be the IP-ring such that (4.1) holds. Consider Kr = Kr(X|Y) to be the
o-algebra associated to F' = {n,},crm. All the results in the last subsection hold
for this factor.

Let Gr be the family generated by {{nq}.cre@ : F? is an [P-ring of F(M}, that is,
the family of all IP-subsets of F'. Then by Hindman’s Theorem Gj. is a filter.
Claim: For any measurable finite partitions & and n of X and € > 0, there exists a
sequence S € Gy such that for any m € S

(4.13) [ T meinanty) = (el - =
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Proof of Claim: It is easy to verify that G& = {S C Z, : there exists oy € F
such that for any a € FU) with @ > ag, n, € S}. For any A, B € X, since
14 —E(14|KF) € L*(X, Kg, u)*, from Theorem 4.7 one deduces

IP — lim /‘/ 1A— 1A|ICF)> 1pdp,|dv = 0.
acF)

Equivalently,

G — lim/ ‘ / T"(lA - E(1A|ICF)> A pdp,|dv = 0.
Y X

Let £ = {Ay,...,Ax} and n = {By,...,B;}. Since G} is a filter, for any fixed
01,02 > 0 there exists S € G such that for any m € S there is a set E,, € Y with
v(E,,) > 1— 6§ verifying

/Ly(T_mAi N B]) - / TmE(lAZVCF)lBJdMy
X

forall1 <i <k 1<j<landy € E,. One concludes in a similar way as in the
the proof of the Claim in the proof of Lemma 3.6.

For any IP-ring F® C FM § = {na}acro is an IP set and hence S € Gp. Thus in
a similar way than the proof of Lemma 3.6, one can complete this proof. We omit
the details. 0

(4.14)

< 09

The following lemma is well known (see for example Lemma 4.15 in [W1]).

Lemma 4.15. Let r > 1 be a fized integer. For each € > 0 there exists § > 0 such
that if £ = {As1,--- , A} and n={Cy,---,C.} are two measurable partitions of X
with Y7, w(A;AC;) < & then the Rohlin metric p,(&,n) = H,(&|n) + H,(n|§) < e.

Lemma 4.16. Let {n,}acr be an IP set and B € X. Then there exists an IP-ring
Y of F such that B € Kp(X|Y) if and only if hiy (T, {B, B}|Y) = 0 holds for all
F—monotone subsets A C F, where F' = {ny}ocrq).

Proof. Let F) be the IP-ring such that (4.1) holds. Assume B € Kp(X|Y). Let
A = {ng }ien be an F—monotone subset of F' = {n,},cr0) and £ = {B, B°}.
Observe that |[T"1p—T"1p||2 = p,(T""BAT™B). Since 15 € L*(X, Kp(X|Y), ),
by Corollary 4.10, there is M € N such that for any n > M there exists £, € )V
with v(E,) < § verifying for any y &€ F,

inf ||Tﬁn1B_T,8leHy<6;

1<j<n—1

where § is chosen as in Lemma 4.15 small enough such that p,(£,71) := p,,(&,n) <€
for r = 2.
Hence for any n > M there is 1 < j(n) < n — 1 such that p, (T} e T Bien )5) <e. So

n—1
Hy(Ty e\ T5'€) < Hy(TR T, &) < py(T516, T, €) <e.

=1
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For any y € Y, Hy(TB’nlﬁ\Tﬁ’jlf) <log?2. Therefore

) ek [
HT) = imsw [\ T Ow)

n—oo

n i—1
: 1 _ _
= thUPE/Y E Hy(Tﬂilﬂ \/Tﬁjlg)du(y)
i=2 j=1

n—o0

. n i—1
= limsup—</E ZHy(TB_ilﬂ\/Tg;lf)
j=1

n—o0 n

n =2
n i—1
+ / > H,(T5¢\/ Tgf&)dv(y))
YAEn =9 j=1
< dlog2+e.

Since ¢ and § are arbitrary, it follows that hf}(T, £|Y) =0.
Now we show the converse. If B ¢ Kp(X|Y) then H,({B, B°}|Kr(X]Y)) > 0. So
by Lemma 4.14 there exists an F—monotone subset A of F' such that

h (T.{B, B}|Y) = H,({B, B}|Kr(X]Y)) > 0
This completes the proof of Lemma 4.16. O
Lemma 4.17. Let {n,}acr be an IP set. Then there exists an 1P-ring F) of F

such that for any finite measurable partition & of X and any F—monotone subset
A CF, one has

(4.15) I (T,6Y) < H, (1R (X]Y)),
where F' = {ng}oera) -

Proof. Let F) be the IP-ring such that (4.1) holds. In the proof of Lemma 3.8,
replace (X |Y) by Kp(X]|Y') and use lemma 4.16. O

4.4. Rigid and mild mixing extensions. Let (X, X, u,T) be asystem and (Y, Y, v, T)
one of its factors.

Definition 4.18. [FK] Let {n4}aer be an IP set and F®) an IP-ring. The system

(X, X, 1, T) is Y—mizing along FV if for each f,g € L*(X x X, X @ X, ju Xy jt)

(4.16) IP— lim {/ g-(TXT)ofdp xyu—/ E(g|y)-(T><T)a]E(f|y)du} ~0.
acFM LS xxx Y

Remark 4.19. It is easy to prove that [Z2, Theorem 2.5.] (X, X, u, T) is Y—mixing
along FU) if and only if for each f,g € L*(X, X, )

P lm / E(9T../19) ~ BV TE(/1Y)|du = 0.
X

acF(

Proposition 4.20. Let {n,}acr be an IP set and FY) an IP-ring as in (4.1). Then
the following conditions are equivalent:

(1) (X, X, u,T) is Y—mizing along FO;
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(2) For any f € L3(X, Y, p)* and g € I3(X, X, p)

IP — lim / [E(gT0f|Y)|dv = 0;
Y

acFD)
(3) Kr(X|Y) =Y, where F = {na}acrm-
Proof. 1t follows from Theorem 4.7. U

Definition 4.21.
(1) (X, X, u,T) is a rigid extension over Y if there exists an IP set F' such that

X = Kp(X]Y);
(2) (X, X, u,T)is a mild mizing extension over Y if for any IP set F', Kp(X|Y) =
V.

The proof of the following theorem follows easily from the work done in previous
subsection. We left it to the reader.

Theorem 4.22.

(1) (X, X, u,T) is a rigid extension over Y if and only if there exists an IP set
F such that h}(T|Y) = 0 holds for all F—monotone subsets A C F’;

(2) Let {ng}acr be anIP set and FY) asin (4.1). Then (X, X, pn, T) is Y —mizing
along FO if and only if for any IP-ring F@ C FW there exists an F—monotone
subset A C{ng}ocre such that

B (T, €|Y) = H,(&])

for all measurable partitions & with H,(£|Y) < oo.
(3) (X, X, u, T) is a mild mizing extension over Y if and only if for any IP set
F there exists an F—monotone subset A C F such that

hy (T,€|Y) = Hu(€]Y)
for all measurable partitions £ with H,(§|Y) < 0.

Remark 4.23. Parts (1) and (3) of Theorem 4.22 appear in [Z2], and the corre-
sponding cases when (Y;),v,T) is the trivial factor appear in [Z1], but the re-
sults are stated in a slightly different language. Observe that the way to define
APV, {ns}, FY) (Definition 4.4) and a rigid extension (Definition 4.21) differ from
[Z2]. Also our method is different from that in [Z2].

5. AN APPLICATION

In this section we give an application of either Theorem 3.4 or Theorem 4.11.
Theorem 5.1. Let (Y,Y,v,T) be a factor of the ergodic system (X, X, u,T). Then
mgx{hﬁ(ﬂy)} € {logk : k € N} U {o0}.

Proof. Denote by (K, KC, k, T') the factor of (X, X, u, T') associated to the T-invariant
o-algebra K(X|Y). Since (X, X, u, T') is ergodic, by Rohlin Theorem it is isomorphic

to a skew-product over (K, IC,k,T). Explicitly, there exists a probability space
(U,U, p), that may be a finite set with the uniform probability measure or the unit
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interval with the Lebesgue measure, and a measurable function v from Y to the
automorphisms of (U,U, p) such that (X, X, pu,T) = (K x U K@U,k x p,T,),
where T, (z,u) = (T, y(z)u).

If & and & are finite partitions of K and U respectively, define partitions £; and &,
of KxUby§ = xU={BxU:Be&}and =K x& ={K xB: B €&}
By Theorem 3.4 for any sequence S € D*, there exists a subsequence A C S such
that

h;?xp(T’Y7£1 X £2|y) = anp(gl X £2|IC) = anp(gi \ fé“C) = anp(gé) = HP(€2)~
Thus, by (T|Y) = sup hi (T, & x &|Y) is log k for some k € N if U is a finite set

KXp
1,82

or oo if U is continuous. So
A .
h, (TY) € {logk : k € N} U {o0}.
In particular, one gets the assertion. 0

Remark 5.2. (1) One can use Theorem 4.11 instead of Theorem 3.4 to prove
Theorem 5.1.
(2) In fact, what is proved in the Theorem 5.1 is that for any sequence S € D*,
there exists a subsequence A C S such that

hH(T)Y) € {logk : k € N} U {oo}.

And similarly using Theorem 4.11 one can show that for any IP set {n, }acr
there exists an IP-ring () of F such that for any IP-ring F®? C F(1) there
exists an F—monotone subset A C {n,},cre such that

h(T|Y) € {logk : k € N} U {oo}.
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